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Abstract. In this paper we have discusses F-left, F-right, F-bi-, F-quasi-, F- 
interior and F-ideals in F-AG**-groupoids and regular F-AG**-groupoids. Moreover 
we have proved that the set of F-ideals in a regular F-AG**-groupoid form a semi- 
lattice structure. Also we have characterized a regular F-AG**-groupoid in terms 
of left ideals. 

1. Introduction 

Kazim and Naseeruddin 0] have introduced the concept of an LA-semigroup. 
This structure is the generalization of a commutative semigroup. It is closely re- 
lated with a commutative semigroup and commutative groups because if an LA- 
semigroup contains right identity then it becomes a commutative semigroup and 
if a new binary operation is defined on a commutative group which gives an LA- 
semigroup [9j . The connection of the class of L A-semigroups with the class of vector 
spaces over finite fields and fields has been given as: Let be a sub-space of a 
vector space V over a field F of cardinal 2r such that r > 1. Many authors have 
generalized some useful results of semigroup theory. 

In 1981, the notion of F-semigroups was introduced by M. K. Sen 6^ and [7]. 

T. Shah and I. Rehman [14 defined F-AG-groupoids analogous to F-semigroups 
and then they introduce the notion of F-ideals and F-bi-ideals in F-AG-groupoids. 
It is easy to see that F-ideals and F-bi-ideals in F-AG-groupoids are infect a gener- 
alization of ideals and bi-ideals in AG-groupoids (for a suitable choice of F). 

In this paper we define F-quasi-ideals and F-interior ideals in F-AG**-groupoids 
and generalize some results. Also we have proved that F-AG-groupoids with left 
identity and AG-groupoids with left identity coincide. 

Let G and F be two non-empty sets. G is said to be a F-AG-groupoid if there 
exist a mapping G x F x G — > G, written (a, 7, b) as a-fb, such that G satisfies the 
identity (076) 5c = (cyb) 6a, for all a, b, c G and 7, (5 G F [14 . 
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Definition 1. An element e £ S is called a left identity ofT-AG-groupoid ife^a = a 
for all a £ S and 7 g F. 

Lemma 1. If a T-AG-groupoid contains left identity, then it becomes an AG- 
groupoid with left identity. 

Proof. Let G be a F-AG-groupoid and e be the left identity of G and let a, G G 
and a, /3 e F therefore we have 

aah = aa{e/3b) = ea{aPb) = a/3b. 

Hence F-AG-groupoid with left identity becomes and an AG-groupoid with left 
identity. □ 

Remark 1. From Lemma 1, it is easy to see that all the results given in |14| and 
[T5j for a T-AG-groupoid with left identity is identical to the results given in [10] 
and [TT| . 

Definition 2. A T-AG-groupoid is called a T-AG** -groupoid if it satisfies the fol- 
lowing law 

aaibfic) — ba{al3c), for all a,b,c G S and a, /3 e F. 

The following results and definition from definition [3] to lemma [3] have been taken 
from [I4] . 

Definition 3. Let G be a T-AG-groupoid, a non-empty subset S of G is called sub 
T-AG-groupoid if ajb G 5' for all a, b £ S and j G T or S is called .sub F-j4G- 
groupoid if STS C S. 

Definition 4. A subset I of a T-AG-groupoid G is called left(right) T-ideal of G if 
GTI C / [ITG C /) and I is called T-ideal of G if it is both left and right T-ideal. 

Definition 5. An element a of a T-AG-groupoid G is called regular if there exist 
X e G and /3, 7 G F such that a = {al3x)ja. G is called regular T-AG-groupoid if 
all elements of G are regular. 

Definition 6. A .sub T-AG-groupoid B of a T-AG-groupoid G is called T-bi-ideal 
ofG if[BTG) TB CB. 

Definition 7. Let G and T be any non-empty sets. If there exists a mapping 
G X F X G — G, written (x, 7, y) as xjy, G is called a T-medial if it satisfies 
(xay) /3 (l^m) — {xal) /? (y^m), and called T -paramedial if it satisfies (xay) j3 (Ijm) — 
(mal) P iyjx) for all x, y, I, m £ G and a, /3, 7 G F. 

Lemma 2. If A and B are any T -ideals of a regular T-AG-groupoid G then ATB = 
BTA. 

Definition 8. A T-ideal P of a T-AG-groupoid G is called T -prime{T -semiprime) 
if for any T -ideals A and B, ATB C Pi^ATA C P) implies either A <Z P or B C 
P{AC P). 

Lemma 3. Any T-ideal A of a regular T-AG-groupoid is a T -idempotent that is 
ATA = A. 

It is important to note that every F-AG-groupoid G is F-medial and every F- 
AG**-groupoid G is F-paramedial because for any x, y, I, m £ G and a, /3, 7 G F, 
we have 

(xay) (3 (Ijm) — {{Ijm) ay) (3x = {{y^m) al) l3x = (xal) /3 (yjm) . 
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We call it as F-medial law. 

Theorem 1. If L and R are left and right T-ideals of a T-AG** -groupoid G then 
L U LTG and R U GTR are T-ideals of G. 

Proof. Let L be a left F-ideal of G then we have 

{LuLTG)rG = {LTG)U{LrG)TG={LTG)U{GTG)TL 

C LTG U (GTL) C LTG UL = LU LTG and 
GT {L U LTG) = GTL U GT (LTG) CLULT {GTG) = LU LTG. 
Again let i? be a right F-ideal of G then we have 

{R U GTR) TG = RTG U (GTR) TG C Ru {GTR) T {GTG) 

= RU {GTG) T {RTG) C RU GTR, and 
GT{RUGTR) = GTRUGT{GTR) = GTRU{GTG)T{GTR) 
= GTR U {RTG) F {GTG) C GTR U RTG 
C GTR UR = RU GTR. 

□ 

Lemma 4. Right identity in a T-AG-groupoid G becomes identity of G and hence 

G becomes commutative T-semigroup. 

Proof. Let e be the right identity of G , g G G, a and /3 G F, then 
eag = {ej3e) ag = {gl3e) ae = gae = g. 
Again for a, b, c G G and a, /3 G F we have 

a^-b = {eaa) 76 = {eaa) ')-{eab) — {bae)j {aae) = Ir/a. 

Now 

{aab) /3c = {aab) j3 {eac) = {aae) /3 {hac) = ea {{aae) /3 {bac)) 
= {aae) a {efi {bac)) = aa {ej3 {bac)) = aa (6/3 {eac)) 
= aa {b^c) . 

□ 

Definition 9. A sub T-AG-groupoid Q of a T-AG-groupoid G is called a quasi-ideal 

ofG ifGTQnQTG C Q. 

Definition 10. A sub T-AG-groupoid I of a T-AG-groupoid G is called a T -interior 
idealofGif{GTI)TGCI. 

Lemma 5. Every one sided (left or right) T-ideal of a T-AG-groupoid G is aT- 
quasi ideal of G. 

Proof. Let i be a left F-ideal of G then we have 

LFG n GFL C GFL C L. 

Which implies L is a F-quasi ideal of G. Similarly if i? is a right F-ideal of G then 
it is a F-quasi ideal of G. □ 

Lemma 6. Every right T-ideal and left T-ideal of a T-AG-groupoid G is a T-bi-ideal 
OfG. 
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Proof. Let i? be a right F-ideal of G then we have 

{RTG) TR C RTR C RTG C R. 
Again let L be a left F-ideal of G then we have 

(LFG) TL C (GTG) TL C GTL C L. 

□ 

Corollary 1. Every T-ideal of a T-AG-groupoid G is a T-bi-ideal of G. 

Proof. It follows from lemma El □ 

Lemma 7. If Bi and B2 are T-bi-ideals of a T-AG** -groupoid G then B1TB2 is 
also a T-bi-ideals of G. 

Proof. Let Bi and B2 be F-bi-ideals of G then we have 

((BiFB2)rG)F(BiFB2) - ((B1FB2) F (GFG)) F (S1FB2) 

= {{B^TG)T{B2TG))T{B^TB2) 
= ((BiFG)FBi)F((B2FG)FB2) 
C B1VB2. 

□ 

Lemma 8. Every T-idempotent quasi-ideal of a T-AG-groupoid G is a T-bi-ideal 
ofG. 

Proof. Let Q be an F-idempotent quasi-ideal of G. Now 
(gFG) TQ C (GFG) TQ C GFQ, and 

(gFG)FQ = (QFG)F(gFg) = (QFQ)F(GFQ) = gF(GFg) 
C gF (GFG) C gFG, which implies that 

(gFG) Fg c GFg n gFG c g. 



□ 



Lemma 9. Every T-ideal of a T-AG-groupoid G is a T -interior ideal of G. 
Proof. Let / be a F-ideal of G then we have 

(GF/) FG C /FG = /. 



□ 



Lemma 10. A subset I of a T-AG** -groupoid G is a T -interior ideal if and only 
if it is right T-ideal. 

Proof. Let / be a right F-idcal G then it becomes a left F-ideal so is F-ideal and 
by lemma [HI it is F-interior ideal. 

Conversely assume that / is a F-interior ideal of G. Using F-paramedial law, we 
have 

/FG IT (GFG) = GF (/FG) = (GFG) F (/FG) 
= (GF/) F (GFG) C (GF/) FG C G. 
Which shows that / is a right F-ideal of G. □ 
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Example 1. Let G = {1, 2, 3, 4, 5} with binary operation "• " given in the following 
Cayley's table, an AG-groupoid with left identity 4. 
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It is easy to observe that G is a simple AG-groupoid that is there is no left or 
right ideal of G. Now let F = {a, f3, 7} defined as 
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It is easy to prove that G is a F- AG-groupoid because (airb) ipc = (arb) ipa for 
all a, b, c & G and tt, tp gT also G is non-associative because (1q;2) /33 ^ la (2(33). 
This F- AG-groupoid does not contain left identity because 4a5 ^ 5, 4/35 ^ 5 and 
475 7^ 5. It is easy to see that every AG-groupoid with left identity not necessarily 
implies F- AG-groupoid with left identity. Clearly A = {1,2, 3} is a F-ideal of G. 
B = {1, 2, 4} is a right F-ideal but is not a left F-ideal. A and B both are F-bi-ideals 
of G. G = {1, 2, 3, 4} is a F-interior ideal of G. 

Lemma 11. For a regular T -AG-groupoid G ATG = A and GTB = B for every 
right T-ideal A and for every left T-ideal B. 

Proof. Let ^ be a right F- ideal of G then ATG C A. Let a € A, since G is regular 
so there exist x € G and a, 7 € F such that 

a = {aax) 7a e {ATG) TA C (ATG) TG C ATG. 

Now again let B be a left F-ideal of G then GTB C B. Let b e B, also G is 
regular so there exist t € G and tt, u € F such that 

b = (bnt) ab G (BTG) TB C (GFG) TB C GFB. 

□ 

Lemma 12. If G is a T-AG** -groupoid then gTG and GTg are T-bi-ideals for all 

geG. 

Proof. Using the definition of F-AG**-groupoid we have 



{{gTG) TG) T {gTG) = {{GTG) Tg) T {gTG) C (GF5) F {gTG) 

= gT {{GTg) TG) C gT {{GTG) TG) C gT {GTG) 
C gTG. 
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Again using F-paraniedial law we have 

{{GTg) TG) r {GTg) = {{{Grg) Tg) TG) TG = {{{gTg) TG) TG) TG 
= iiGTG) TG) r {gTg) C {GTG) T {gTg) 
= {gTg) T {GTG) C (^r^) TG = {GTg) Tg 
C {GTG)TgCGTg. 

□ 

Corollary 2. If G is a regular T-AG**-groupoid then aTG is a T-bi-ideal in G, for 
all a G G. 

Proof. Let G be a regular F-AG-groupoid then for every a € G there exist x € G 
and a, /3 e r such that a = {{aax) pa) therefore we have 

{{aTG)TG)T {aTG) = {{{{aax) /3a)TG)TG)r {aTG) 

= ((GTG) r ((aax) /3a)) r (arc) 

C (Gr {{aax) /3a)) T {aTG) = {{aax) T {G^a)) T {aTG) 
C {{aax) r {G0G)) T {GTG) C {{aax) TG) TG 
= {GTG) T {aax) C GT {aax) = aT {Gax) C aT {GTG) 
C aTG. 

□ 

Lemma 13. For a T-bi-ideal B in a regular T-AG-groupoid G, {BTG) TB = B. 

Proof Let B be a T-bi-ideal in G then {BTG) TB C B. Let x € B, since G is a 
regular F-AG-groupoid therefore there exist a e G and a, /3 £T such that 

X = {xaa) I3x € {BTG) TB. 

Which implies that B C {BTG) TB. □ 

Lemma 14. If G is a regular T-AG-groupoid then, GTG = G. 

Proof. Since GFG C G. Let x G G, since G is a regular F-AG-groupoid therefore 
there exist a € G and a, /3 G F such that 

x = {xaa) I3x G (GFG) FG C GFG. 

Which imphes that G C GFG. □ 

Lemma 15. A subset I of a regular T-AG** -groupoid G is a left T-ideal if and 

only if it is a right T-ideal of G. 

Proof Let / be a left F-ideal of G then GTI C /. Let i'yg € JFG ioi g G G, i G I 
and 7 G F, also G is a regular F-AG-groupoid therefore there exist x, y G G and a, 
J, 5, IT gT such that 

hg = {{iax) /3i) 7 {{gSy) ng) = {{iax) P {gSy)) 7 {ing) 

= {{{{iax) j3i) ax) {gSy)) 7 {iTrg) = {{yag) j3 {{ij3 {iax)) Sx)) 7 {ing) 
= (iP {{{yotg) /3 {iax)) 6x)) 7 {iiig) = {{ing) (5 {{{yag) (5 {iax)) Sx)) ji 
G {GTI) C I. 

Conversely let / be a right F-ideal then there exist x G G and a, /3 G F such that 
gji = {{gax) pg) ^i = {ipg) 7 {gax) G (/FG) FG C 7FG C /. 
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□ 

Theorem 2. for a T-AG** -groupoid G, following statements are equivalent. 

(i) G is regular T-AG- groupoid. 

(ii) Every left T-ideal of G is T -idempotent. 

Proof, (i) {ii) 

Let G be a regular F-AG-groupoid then by lemma |3] every F-ideal of G is F- 
idempotent. 

{ii) => {i) 

Let every left F-ideal of a F-AG**-groupoid G is F-idempotent, since GTa is a 
left F-idcal of G for all a G G [M], so is F-idempotent and by F-paramedial law, 
lemma ?? and F-medial law, we have, a £ GTa implies 

a e (GFa) F (GFa) = ( (GFa) Fa) FG = {{aTa) TG) TG 

^ {{aTa) T (GFG)) FG = ((GFG) F {aTa)) TG 

= {aT ((GFG) Fa)) FG = (GF ((GFG) Fa)) Fa 

= (GF (GFa)) Fa = (GF ((GFa) F (GFa))) Fa 

= (GF ((aFG) F (aFG))) Fa = ((GFG) F ((aFG) F (aFG))) Fa 

= ((GF (aFG)) F (GF (aFG))) Fa = (((aFG) FG) F ((aFG) FG)) Fa 

= ((((aFG) FG) FG) F (aFG)) Fa = (aF ((((aFG) FG) FG) FG)) Fa 

C (aFG) Fa. 

Which shows that G is a regular r-AG**-groupoid. □ 

Lemma 16. Any T-ideal of a regular T -AG-groupoid G is T-semiprime. 

Proof. It is an easy consequence of lemma [H □ 

Theorem 3. Set of all T -ideals in a regular T -AG-groupoid G with forms a semi- 
lattice (G, o) where Ao B = ATB , for all T-ideals A and B of G. 

Proof. Let A and B be any F-ideals in G, then by F-medial law we have 
{ATB) TG = {ATB) T (GFG) = (AFG) F {BTG) C ATB. And 
GF {ATB) ^ (GFG) F {ATB) = {GTA) T {GTB) C ATB. 
Also by lemma [21 we have ATB = BTA which implies that 

{ATB) FG = GF {ATB) = AT {GTB) = AT {BTC) . 
And by lemma [3l ATA = A. 
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